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Large Eddy Simulations of the Flow Around a Square Prism

C. Fureby,* G. Tabor,” H. G. Weller,"and A. D. Gosman*
Imperial College, London, England SW7 2BX, United Kingdom

The aim of this study is to examine unsteady wake flows by means of large eddy simulation (LES). In particular,
the flow around a square prism in a channel at a prism-height Reynolds number of 2.14 X 10* is studied using
different subgrid scale (SGS) models and different grids. Results from first- and second-order statistical moments
of the velocity are validated against two sets of experimental data and compared with different Reynolds-average
simulations. All LES models correctly reproduce the first- and second-order statistical moments of the resolvable
velocity, the global parameters, such as the lift and drag coefficients and their fluctuations, and the Strouhal
number, as well as the length of the recirculation region. However, a locally refined grid is necessary to reproduce
the maximum velocity within the recirculation region. LES appears virtually independent of the details of the SGS
model if it can correctly channel kinetic energy out of eddies close to the cutoff wave number to prevent aliasing
provided that the resolution is fine enough to ensure that the cutoff wave number is within the inertial subrange.
In addition, phase-averaged flow quantities are compared with experimental data; this comparison supports the
belief in LES as a reliable and accurate model for studying unsteady flows. The LES results are subsequently used

to analyze and describe the topology of the flow.

I. Introduction

HE flow around bluff bodies is very complex and can involve

regions of laminar, transitional, and turbulent flows, unsteady
separation and reattachment associated with the obstacle, and the
formation of coherent structures, particularly in the wake region of
the flow. The wake is spatially complex, often consisting of curved
shearlayersenclosing a region of extreme complexity characterized
by the presence of intense vortices, but also including the entrain-
ment of irrotational flow elements into the wake from the surround-
ings. The vortices are generated by shear around the obstacle and
are shed and convected down the wake. If the obstacle exhibits a
degree of bilateral symmetry, the wake may exhibitself-induced pe-
riodicity because of vortices being shed from alternate sides of the
obstacle. The second effect of the vortex sheddingis the generation
of intense fluctuating forces on the obstacle in the streamwise and
spanwise directions. Many industrial applications and environmen-
tal situations including tall buildings and technical structures such
as cooling towers, chimneys and suspension bridges, flame holders
in combustion chambers, cooling of electronic equipmentand com-
ponents and flow-metering devices require better predictions of the
flow characteristics. These demands, as well as the overall desire
to increase our present understanding of the fundamental physical
processes governing such flows, demonstrate the need for advanced
flow modeling. In this study a square prism mounted in a rectilinear
channel is chosen as a natural compactly characterized bluff body,
the separation points of which are fixed and known, unlike the case
of a cylinder, where the separation points are known to wander in
time. An additional advantage of this geometry, as observed in ex-
perimental studies,'*? is the favorable pressure gradient just prior
to separation, resulting in a very thin separating shear layer; effects
on shear-layer development caused by initial shear-layer thickness
could therefore be neglected.

Direct numerical simulation (DNS) of the Navier-Stokes
equations3 (NSE), in which all eddies down to the dissipationscales
are properly simulated, is almost impossible because of the large
computationaleffortin resolving all scales of motion. Thus, the ne-
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cessity for other, less computationally expensive but still accurate
methods is apparent. In Reynolds-averaged simulation* (RAS), all
eddies are averaged over to give equations for variablesrepresenting
the mean flow. These equations are similar to the NSE but contain
terms representing the effects of the turbulence on the mean flow
that require modeling. The success of RAS is limited because the
large eddies responsible for the primary transport are geometry de-
pendent, and experienceindicates that RAS often break down when
a variety of flows are considered® Large eddy simulation® (LES)
lies between the extremes of DNS and RAS in resolution and com-
putational cost using modified NSE, in which eddies smaller than
the grid spacing are eliminated from the dynamics by low-pass fil-
tering whereas their effect on the resolvable motion is provided by
subgridscale (SGS) models.”-® Itis clear from the wealth of simula-
tions that the larger the part of the energy spectrum that is resolved
the better the predictions. A recent alternative’ involves solving the
NSE by high-resolution monotone algorithms in which nonlinear
high-frequency filters are built into the models providing implicit
SGS models, and thus explicit SGS can be dispensed with.

The aims of this study are to 1) analyse the predictive capabilities
of LES models based on the eddy-viscosity hypothesisin unsteady,
isochoric, wake flows; 2) examine the insensitivityof LES modelsto
the specifics of the SGS model; 3) investigatethe physicsof unsteady
wake flow involving separation, streamline curvature, recirculation,
unsteady vortex shedding, and large-scale complex flow structures
at a moderately high Reynolds number; and moreover 4) generate
a database of first- and second-order statistical moments of the ve-
locity for the flow around a square prism at Re =2.14 X 10*, which
can be used to examine and calibrate conventional RAS models.

II. LES Model

The fluid dynamic model is based on the incompressible NSE
(Ref. 3), i.e., conservation of mass and balance of momentum of a
linear viscous fluid. In LES the dependent variables are split into
grid scale and SGS components f = f + f, where f =G * f and
G =G(x, A) is the filter kernel. The filtering is ideally required
to be distributive, associative, and to commute with differentia-
tion. Convolving the NSE with G, using the commutation rela-
tions [V, Gx]f =[(0G/0A) * flgradA + (Gfn),p, where n is the
outward pointing unit normal to 3D, and [9,, G*]f =0, the LES
equations results. The deficit of commutation results in additional
termsin the LES equations;however, following Ref. 10, an order-of-
magnitude analysis indicates that these are of O(A?), whereas the
unresolved transport terms are of O(A"), where % < n < 2. Hence,
to a first-order approximation the LES equations are
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div(y) =
o,(¥) +div(F ® ¥) =—gradjp +div(S —B) + f (1)

where v is the velocity, p the pressure, § =2vD the viscous stress
tensor, v the physical viscosity, D =%(gradv + gradv”) the rate-
of-strain tensor, B =(v® v — ¥ ® ¥) the SGS stress tensor, and f
the specific body force (assumed negligible when high-Reynolds-
number flows are considered). The SGS stress tensor may be de-
composedasB =L + C + R,whereL =v® ¥ — ¥ ® visthe Leonard
stress tensor representing the interactionbetween resolved eddies to
form small-scale turbulence, C =% ® v/ + v/ ® ¥ is the cross-stress
tensor representing interactions between resolved and unresolved
eddies and may transferenergy in either direction but mainly toward
small-scaleeddies,and R =v' ® V' is the Reynolds-stresstensor rep-
resenting interactionsamong the unresolved small-scale eddies that
produce the remaining energy transfer from the large to the small
scales.

Mathematicaland physicalconstraints of LES have been the sub-
jectof severalrecentstudies, including studies of the LES equations
and commutation errors,'% !! the role of discretizationerrors,'> and
the use of frame indifference!’: !> and realizability.! % '* From these,
B is known to be symmetric, positive definite, and frame indif-
ferent (invariant under arbitrary change of frames) and therefore
an isotropic function in its arguments. The realizability conditions
follow from the properties of B, and the necessary and sufficient
conditions for B being positive definite can be expressedin terms of
the principal invariants of B, i.e., trB =0, k Z% |IB]l, and detB =0.
Most SGS models are known to comply with the first and second
of these constraints. However, the last constraint is generally not
satisfied,'” but at present this is not considered a serious drawback,
although more theoreticaland computationalresearchis required to
establish this.

The understanding of L, C, and R is generally deficient, and the
uncertainty in the modeling defeats any attempt at precision. How-
ever, because energy cascades primarily from the large-scale to the
small-scale eddies where it eventually is dissipated by physical vis-
cosity, the main role of models for B is to channel the appropriate
amount of energy away from the resolved scales. Differential or
algebraic-type models can be used, but so far only a few attempts
have been made to use differential-type models because they are
expensive and complicated to implement. Algebraic-type models
can be derived from B, being an isotropic function in its arguments,
which forisochoricflows impliesthat B =ayl + oy D + o,D?, where
a; are functions of the principal invariants of D. The most versa-
tile algebraic models are linear in the deviatoric part of D and thus
purely dissipative, i.e.,

B = %kl -2v.Dp = %(2]( + divi)l - 2v.D = %kl -2v.D (2)
unambiguously satisfying symmetry and the principle of frame
indifference >~ !” Dimensional arguments suggests that the eddy-
viscosity v, should be given by the productof a velocity scale v and
a length scale A; A is related to A, but various models differ in their
prescription for v.

In this investigationfour eddy-viscositymodels will be used; two
eddy-viscosity models use a modeled version of the k equation to
model v. Assuming that the triple correlation can be represented by
div(v; gradk) and the SGS dissipationscales as € = v3/ A, we have

0,(k) + div(kv) = —B -D + div(v gradk) + cgk%A_1

Vi =ckA\//; (3)

where ¢; = 0.07 and ¢, = 1.05, which constitutes model A1.!® Kim
and Menon'® and Ghosal et al.*® have proposed dynamic versions
of Eq. (3) because ¢; and c, should be determined from local in-
formation only and to avoid the ad hoc averaging or the additional
computational complexity in solving two additional integral equa-
tions the former model is selected and referred to as model A2.
Thus, ¢, =(L-M)/(M-M) andc, =e/m, where L=v® 7 -V ® ¥,
M=-2A(tr)"’D,e=v(D -D —D-D),andm =A~"(3 tr L)¥?,
where the second level of filtering uses an anisotropic finite volume

Table1 Overview over the different SGS models investigated
in the present study

Model Definition Features

Al 2)+@Q) Constant coefficient one-equation
eddy-viscosity model

A2 2)+@Q) Dynamic coefficient one-equation
eddy-viscosity model

Bl 2)+ @) Constant coefficient Smagorinsky
eddy-viscosity model

B2 2)+4) Dynamic coefficient Smagorinsky

eddy-viscosity model

equivalent of the filter in terms of the Laplace operator. A partic-
ular advantage of this model is that tr L > 0, thereby avoiding the
numerical ill conditioning of most dynamic models. The remaining
eddy-viscositymodels are of algebraic nature so that k and v, follow
from equilibrium solutions of Eq. (3), i.e.,

k =c;A?|IDIl, vi =cpA’|ID| 4
where ¢; =~ 0.13 and ¢p = 0.02 Ref. 21, which constitutes model

B1. Dynamic forms of model B1 have been proposed by Germano
et al.'” and by Ghosal et al.?; for model B2 we therefore

take ¢; =(m%trL)/(mz) and c¢p =(L - M)/{M - M), where M=

A2|ID|ID — A?|ID|ID and m =A?||D||> — A2||D||>. The additional
averaging or smoothing {-) is here performed locally over a region
having the radius 2|d|, where d is the distance between adjacent grid
points. A common feature of eddy-viscosity models is that k can be
combined with the pressure p, and thus it is not essential to know k.
See Table 1 for a summary of the different SGS turbulence models
used.

III. Numerical Methods and Computational Details

The LES equations (1) are discretized using the finite volume
method, where the domain D is divided into cells ©p so that
Up(£2p) =DU 0D and Np(£2p) =@. Letting

dv
I 5vp/z f

represent the approximation to the cell average of f over the Pth
cell, Gauss theorem can be used to derive the semidiscretized LES
equations. Following Rhie and Chow,” grad j is not discretized at
this stage, and the discretized momentum equation is integrated in
time using a multistep method?:

> -dd), =0
-

m

> {ak(v);k + o Z[(v -dA)? — (S - B) dA]+*

k=1

=—PBi[(gradp),** + f]At )

where o; and f; are parameters of the scheme and At the time step.
Here, let f€ s (P, 1) represent an approximation to the convective
flux ff ) =[(#-dA)v]; =F;v, andf (¥; i) an approximationto
the combined viscous and SGS flux ff (» =[(S —B)n];, where
u =u(P) represent a set of grid points in the neighborhood of P.

The functional reconstruction offfc.(l‘); u) and ff(l‘); ) is carried
out using linear interpolation across all cell faces f of £2p and cen-
tered difference approximations of the inner gradients in f fl.) s 1),
resulting in centered second-order accurate representations of the
convective and combined fluxes, respectively. Time integration is
performed by the Crank-Nicholson scheme, m =1, oy =—oy =1,
Bo=p1 =5 L and oy =P, =0.Todecouplethe pressure-velocitysys-
tem, the second equation of Eq. (5) is solved for ¥} M the face
interpolate of which is used to derive the flux F. Ehmlnatmg prrm
between the first equation of Eq. (5) and the derived express1on for
#5" "™ then results in the discrete Poisson equation
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Table 2 Global parameters for LES of the flow around a square prism in a rectilinear channel (Sr = fh/v is the Strouhal
number, where f is the frequency of the vortex shedding, A is the length of the time-averaged separation region behind the
prism, (cp) is the time-averaged drag coefficient, and cj, and ¢} are the fluctuating drag and lift coefficients, respectively).

Simulation model Grid Block

(vi/vo)

Width A h Sr (cp) ch cy

LES: Model Al
LES: Model A2
LES: Model Bl
LES: Model B2
LES: Model Bl
LES: Model Al
RAS: k-¢ (Ref. 4)
RAS: LRR%
Exp.2* Re = 2.14 X 10* 0.07
Exp.? Re = 1.4 X 10* —_— 0.13

10,800 X 24, A 0.07 e
10,800 X 24, A 0.07 e
10,800 X 24, A 0.07 e
10,800 X 24, A 0.07 e
10,800 X 48,B 0.07 e
14,600 X 24, C 0.07 e

10,800,D 0.07 e

10,800,D 0.07 e
0.02
0.06

4h 1.23 0.129 2.2 0.19 1.32
4h 1.24 0.130 2.1 0.18 1.32
4h 1.31 0.134 2.0 0.17 1.29
4h 1.33 0.132 2.0 0.20 1.34
8h 1.25 0.131 2.1 0.17 1.30
4h 1.37 0.135 2.1 0.19 1.34
e 2.45 0.112 1.65 0.03 0.31
e 1.32 0.124 1.8 0.15 1.17
9.75h 1.38 0.132 2.05 —_— —_—
e 1.32 0.139 —_— —_— —_—

m

2@ feraatpy™ -aa]} = (a;‘>f[22(ax”vn“>

f i=0 N

m=—1 J
+ Z(b;s”v;a“)} -dAi ©®
7

i=0

Equations (5) and (6) are solved sequentially with iteration over the
explicit coupling terms to obtain convergence. The implicit method
used results in a Courant number restriction; it is found that a max-
imum Courant number of 0.5 gives satisfactory numerical stability
and temporal accuracy, but a value of 0.2 is preferable for temporal
accuracy. When the SGS model is based on Eq. (3), the discretized
balance equation for k is solved before the other equations.

The accuracy of the numerical scheme employed when solving
Eq. (1) is of particular importance in LES because divB is for-
mally of order O(A" ~1!). The numerical scheme should thus have
a leading-order truncation error of O(A") or higher to avoid inter-
action with the SGS models. The truncation error F can be derived
from the modified equation approach, involving Taylor-series ex-
pansion of the finite volume versions of the LES equations. For the
LES momentum equation (5),

F =1An*3 @) + div[(+7® d ® d)(grad(grad) 7)

=3
+div((v5d ® d) {grad[div(grad 7)]}) (7)

The leading-ordertruncation error is of O(At?, |d|?), and for small
Courant numbers (typical of LES and DNS) the transient contri-
bution can be neglected; this indicates that second-orderdispersion
and third-orderdissipationdominates together with the explicit SGS
model.

IV. Description of the Flow Problem
and the Simulations

The flow configuration is presented in Fig. la and has a cross
section of 10 4 X 14 h and a length of 20.5 h, where & is the height
of the prism. The bulk Reynolds number, based on / and the inlet
velocity v, is 2.14 X 10*. Experimental results are available from
differentsources; Lyn et al.2* presentensemble-averagedand phase-
averaged velocity components, rms-velocity fluctuations, and the
turbulentshearstressatx,;/ h =1, 2, 8 and at the centerlinex,/ h =0
for Re =2.14 X 10*; Durao et al.”® give ensemble-averaged ve-
locity components, the rms-velocity fluctuations, and the turbu-
lent shear stress at x;/ h =1, 2 and at the centerline x,/ h =0 for
Re =1.48 X10*. As the experimental data are nondimensional-
ized with h and vy, the statistical moments of the velocity from
Refs. 24 and 25 are expected to collapse onto one line. However,
this is found not to be the case for the streamwise centerline veloc-
ity. A comprehensivesummary of the simulationsis givenin Table 2
together with a selection of local time-averaged global parameters.

All simulations start from rest, and the unsteady flow charac-
teristics evolve naturally. At the inlet ¥ =vge; + u/, where ¢; is a
unit vector in the x; direction and ' represents a random perturba-
tion of the order of 2% of v, that emulates the upstream turbulence

X2

K
14h

| 4.5h !h} 15h 4h/8h

b) He
Fig.1 Schematic of a) the computational domain and b) the grid.

and grad p -e; =0. No noticeable effects were found on the statis-
tics of ¥ or on the flow topology when changing the magnitude of
u' as the large-scale structures absorb the fluctuations artificially
imposed at the inlet.?® At the outlet p =p,, while ¥ is subjected
to a zero Neumann condition. The channel width and the spatial
resolutioninfluence the attributes of the flow and the statistical mo-
ments of #.27 Available computer resources oblige us to find a com-
promise between ample spanwise extent and sufficient resolution.
In this study two spanwise extents have been used: 44, which is
the standard width, and 8%. To minimize contamination from two-
dimensional structures, a semiartificial free-slip condition [7; =0
and (grad v) =0, k =1, 2] is applied on the planes x3 ==*2h and
+4h. In the corresponding laboratory experiment the upper and
lower boundaries x, = =7h are walls. Here, we assume that the ef-
fects of the these boundaries on the development and maintenance
of the coherent structures can be neglected and slip conditions be
applied. The prism boundary condition poses a serious problem:;
guided by results from channel flow simulations,”® # =0 is adopted,
although this requires a fine grid around the prism. Nonuniform
Cartesian grids support only hexahedral cells aligned with the flow
domain, resultingin grids with large aspectratios or a topology that
does not follow the mean flow or an excessive number of cells. To
avoid these problems, a C-shaped grid of hexahedral cells swept
around the prism is used. This type of grid allows us to optimize the
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spatial resolution around the prism and to avoid the excessive as-
pectratios typical of standard nonuniform Cartesian grids. The flow
around the prism is temporally and spatially complex, including in-
teractions between separated shear layers and regions of irrotational
flow entering the wake. This, together with the no-slip condition,
requires high resolution; this can be achieved by using local grid
refinement as examined in simulations performed on grid D (see
also Table 2).

For comparisonwe includeresults from two time-dependentRAS
models in this study: the standard k-¢ model* and the differential
stress equation model of Launder et al. (the LRR model).?’ The
RAS models are discretized by the same numerical methods as used
for the LES models and use two-dimensional versions of the LES
grid. Inlet values of k and & are selected to match those of the
experimental data, i.e., the turbulence intensity is set to 2% of v,
and the dissipation is given by the relation e =ci’4k3’2/0.07h,
where £ is the height of the prism. Wall functions that relate the
wall shear stress, the tangential velocity at the first cell of the
wall, production of k and dissipation ¢ by means of the loga-
ritmic law of the wall were used; furthermore, n* = 10 for the
first set of grid points so that their centers lies within the log-law
region.

V. Statistics of Global Flow Parameters

Table 2 summarizes different global parameters such as the
dimensionless shedding frequency or the Strouhal number
Sr =fh/v,, calculated from the time history of # in a set of de-
screte points, the time-averaged or mean drag coefficient {cj, ), the
rms values of the fluctuations of the drag and lift coefficients ¢/,
and ¢/, and the recirculationlength A. We adopt the relations sug-
gestedin Ref. 28,i.e.,{cp) =2Fp/(Apvy)and{c.) =2F,/(Apv}),
respectively, where Fp and F; are the drag and lift forces (in-
cluding both viscous and pressure contributions), p the density,
and A is the frontal area of the prism. For the rms fluctuations,
chy = H(ep —{ep)?Yand ¢ = K(c, —(c.))?) are used. The re-
circulation length A is defined as the distance downstream of the
prism after which the streamwise velocity fluctuationshave reached
amaximum, hence defining the length of the mean separationregion
behind the prism. Strouhal numbers resulting from LES are in good
agreement with the data from Ref. 24 and in marginal agreement
with the data from Ref. 25. This is believed to be related to the dif-
ferencein blockage between the configurations; for the Ref. 25 case
the blockageis 13%, whereas for the Ref. 24 case, and in the simu-
lations, the blockage is 7%. Moreover, the Strouhal number seems
insensitive to the choice of SGS models. In contrast, the Strouhal
numbers resulting from the RAS models are underpredicted. For
LES the mean drag coefficient (¢ ) is also in good agreement with
the experimental data irrespective of the SGS model; all LES mod-
els give values of (¢, ) within the parameterrange given by the data.
In contrast, most RAS models predict{cp) too low as a result of a
disproportionatebase pressure and associated with a long separation
region. The recirculation length shows variations representative of
the different LES models and the different grids used. On the ref-
erence grid (i.e., grid A), model A2 gives the best prediction of A,
followed by models A1, B1, and B2; on grid B there is virtually no
improvement, but on the refined grid (grid C) a notable improve-
ment is found. This suggests that grid A is too coarse to resolve
the important structures in the formation and recovery regions. The
rms fluctuations of ¢, and ¢; show minor variations with the SGS
model, whereas most RAS models results show noticeably smaller
values of ¢}, and ¢/ .

VI. Comparison of First- and Second-Order
Statistical Moments

In Fig. 2 the first-order statistical moments of the resolvable ve-
locity {(¥), nondimensionalizedby the inlet velocity vy, are shown at
the cross sections x;/ & =1, 2, and 8 and at the centerlinex,/ h =7.
The first cross section lies within the recirculation region, defined
by x;/h < A/ h= 1.37. The second cross section is in the recovery
region, i.e., between the closure point of the recirculationzone A/ h
andx,/ h < 4.7, where the flow acceleratesdespite the adverse pres-
sure gradient. The third cross section is in the near-wakeregion, i.e.,

within 4.7 < x,/ h < 10. Profiles from all LES models, the experi-
mental data of Refs. 24 and 25, and the results from the k-& model
are presented. The uncertainty in the data from Ref. 24 is estimated
to be less than 5%, with the largest uncertainty in {7, ). Good agree-
ment between the experimental results prevails in the recirculation
region x;/ h < A/ h and in the upstream part of the recovery region
Al h < x1/ h < 2.3, whereas in the downstream part of the recovery
region 2.3 < x;/ h < 4.7 and in the entire wake region x,/ h > 4.7,
differences are found. The suggestion has been made?* that these
differences may be attributed to differences in experimental condi-
tions, such as the higher inlet turbulence level, larger blockage, or
smaller aspect ratios of the case in Ref. 25. Specifically, the effect
of the larger blockage in the Ref. 25 case is evident from the profile
of {(¥;)/ vy at x,/ h =1, which approaches 1.4 instead of 1.2 as for
the Ref. 24 case.

The streamwise velocity profiles across the wake (Figs. 2a-2¢)
and the centerline profile (Fig. 2d) suggest that LES, irrespective
of the SGS model, offers more accurate predictions than the RAS
models tested. In particular, the longer recirculation region in the
RAS induces a downstream shift of the entire streamwise velocity
distribution on the centerline. This shift is apparent not only on the
centerline but also in profiles at x;/ & =1 and 2, where the wake
is wider and the velocity deficit is larger in the RAS than in any
of the LES models. In general, the LES results appear virtually in-
dependent of the SGS model; comparing LES performed on grid
A, only small differences can be detected. Models Al and A2 not
only predict the length of the recirculation region better than mod-
els B1 and B2 (see Table 1), but also the one-equation models are
superior in reproducing the velocity profiles in the recirculationre-
gion. At present, this is ascribed to hereditary and nonequilibrium
effects catered for only by models A1 and A2. However, none of the
LES managed to reproduce the high negative streamwise velocityin
the recirculation zone. A possible source of error could be that the
spanwise extent of the domain is insufficient. However, attempts to
widen the domain from 44 to 8% in the spanwise direction (grid B)
did not show any improvements. Local grid refinement in regions
around the prism and in the recovery region (—0.5 < x;/ h < 5 and
—2 < x,/ h < 2)proved successful(i.e., grid C), and LES performed
on this grid show good agreement with data both in the recircu-
lation region and in the early part of the recovery region. Farther
downstreamthe results from all simulationsapproachthe freestream
velocity or the data from Ref. 25.

Figures 2e and 2f present the vertical velocity profiles. The peak
vertical velocity and its location and downstream shift are correctly
capturedby all LES models althoughsome differencesbetween pre-
dictions, using differentSGS models and grids, are evident. The best
agreement with the Ref. 24 data is obtained with model A1 on grid
C for which the magnitude of {7, ) is underpredicted by about 2%.
On grid A the best agreement between Ref. 24 and the LES results
is obtained with model A2, followed by models Al, B1, and B2.
On grid A all LES models underpredict the peak vertical velocity
by about 5%. The spanwise extent of the computational domain ap-
pears not to influence the distributionof {7, ) across the wake. Note,
however, that {7, ) in the Ref. 25 data at x,/ h =0 does not approach
zeroasrequired by continuityand symmetry. Results from all but the
LRR RAS models show that the vertical velocity is underpredicted
in the vortex formation region; this leads to incorrect predictions of
the convection term in the momentum equation, which has further
consequences on the transport of Reynolds stresses. Hence, a full
differential stress equation model, like the LRR model, is required
to remove this deficiency of RAS models.

Given the velocity fluctuations ¥ =% —(¥), the resolvable
Reynolds stress tensoris T =(¥# ® ¥') from which the rms-velocity
fluctuations become ™ =diag(T"/?). Figures 3a, 3b, and 3e show
the streamwise rms-velocity fluctuations ¥;™. Following Ref. 24,
the uncertainty in the Lyn et al. rms-velocity fluctuations is esti-
mated to be 5%. In the recirculationregion, represented by the sec-
tionx,/ h =1, the peak values of 7|™ are overpredictedby between
5 and 8% by models B1 and B2 on grids A and B. The opposite
holds for models Al and A2, where the peak values of 7™ are un-
derpredicted by about 5% on both grids A and C. In the recovery
region, representedby the sectionx;/ & =2, similar conclusionscan
be drawn; the different LES models behave similarly, although the
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Fig.2 Profiles of the first-order statistical moments of v nondimensionalized by the inlet velocity vy and the prism height & at x;/h =1, 2, and 8 and

atx3/h=0.

correlation with the experimental data of Ref. 24 is slightly lower.
In both cross sections the agreement with the Ref. 25 data is supe-
rior because the streamwise rms-velocity fluctuations measured by
Durao et al. overshoots the Ref. 24 data by 2-5%, the latter value
being in the recovery region. All LES models can accurately repro-
duce the relative locations of the peak streamwise rms fluctuations
and the overall shape of the profiles both across the wake and along
the wake centerline.

In Figs. 3c-3e the vertical rms-velocity fluctuations V3™ are pre-
sented. Intherecirculationregionthe agreementbetween the profiles
from the individual LES models and the two experimental results
is excellent; the simulated profiles are well within the uncertainty
interval of 5%. Here the differences between the LES models are
less apparent; model Al on grid C and model B1 on grid A give the
best correlation with the Lyn et al. data.?* The other LES models
are virtually inseparable and underpredictthe vertical rms-velocity
fluctuations by about 5%. The Ref. 25 data show a wider and less
peaked profile across the wake. In the recovery region it is evident
that the two data sets diverge, forming upper (Ref. 24) and lower
(Ref. 25) bounds for the vertical rms-velocity fluctuations in which
the results from the LES models can be found. Finally, it is inter-
esting that these results are all biased toward the data of Ref. 24. It
is difficult to arrange the LES models in order of precedence, but it
seems that models B1 and B2 on grids A and B give the best corre-
lation with the Ref. 24 data closely followed by models A1 and A2
on grids A and C. Thus, the grid seems to play a less vital role in
establishing the correct rms-velocity fluctuations compared to es-
tablishing the correct first-order statistical moments of the velocity.

In Figs. 4a and 4b the resolvable Reynolds shear stresses 7, are
presented. In the recirculation region these profiles exhibit two ex-
trema: a minimum as might be expected in the shear-layer regions
(located around the global extremum of 7',) and an additionallocal
maximum (of opposite sign) nearer to the centerline. Only the data
fromRef. 24 supportthese findings; the data from Ref. 25 show only
a maximum in the shear-layerregion, which is marginally translated
toward the centerline. All LES models reproduce this characteris-
tic feature very well; the differences between the LES results and
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Fig. 3 Profiles of the second-order statistical momentsv{™* and ;™
nondimensionalized by the inlet velocity v at the locations x;/h =1, 2,
and 8 and x,/h =7. Legend as in Fig. 2.
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Fig. 4 Profiles of the second-order statistical moment 7, nondimen-
sionalized by the inlet velocity v at the locationsx;/h =1, 2, and 8 and
at the centerline x,/h = 7. Legend as in Fig. 2.

the data from Ref. 24 are below the estimated uncertainty levels of
15-25% (cf. Ref. 24) suggested for the experimental results. Differ-
ences between the LES results are small and cannot be used to place
the SGS models in order of precedence. Simulations performed on
the reference grid seem to overpredict 7,, whereas simulations per-
formed on the refined grid seem to underpredict 7}, . In the recovery
region the profiles of 7}, exhibitonly one minima defining the posi-
tion of the shear-layerregion. All LES models seem to overpredict
the maximum shear stress on the reference grid by approximately
15%; on the refined grid this is reduced to about 10%—in both cases
well below the uncertainty level of 7,. Because (gradv)e, does not
change sign at any of the global extrema of 7}, in the recirculation
region, any gradient-transport model in RAS relating (v ® v') to
grad(v) will fail. The fact that the local extremum of T, is located
closer to the centerline indicates the potential role of transport ef-
fects in determining (v’ ® v'). A closer examinationof T, using the
triple decomposition shows that the second local extrema is caused
entirely by the periodic componentof 7;,. None of the RAS models
were successful in identifying the second local extrema; this indi-
cates that LES, irrespectiveof the SGS model, is a better simulation
tool.

VII. Analysis of Phase-Averaged Flow Structures

To advance our understandingof the coherentstructures,one sim-
ulation (model Al on grid C) was run for five additional shedding
cycles. Data were collected 20 times per shedding cycle and aver-
aged to generate ensemble-averageddata at constant phases during
the shedding cycle. Extending the number of cycles would improve
statistics but was impractical given the constraints of computational
resources. These data were compared with experimental results of
Lyn et al.2* by examining the shedding at the midpoint of the top
prism wall. Following Reynolds and Hussain,*® the triple decompo-
sitionv =(v) + # + v/, where # =[v] — (v} is the periodic mean and
[v] is the mean at constant phase, now becomesv =[v] + v'. Hence,
[v'] =0, [#] =0, and [# ® v'] =0. The continuity and momentum
equations for the mean flow at constant phase and the global mean
flow are

div[v] =0

3] + div([v]® [v]) = —grad[p] + div(v grad[v]) — divly' ® v']

and

div(v) =0

div({v) ® (v)) = —grad(p) + div(vgrad(v)) — div{[v' ® v'])
—di(? ® 7) ®)

The momentum equation in the first equation of Eq. (8) includes
only the conventional Reynolds-stresstensor generated by spatially
local fluctuations at constant phase. It controls the dynamics of the
coherentstructures and operates at a lower level than the analogous
stresses in the second equation of Eq. (8). Hence, turbulence can be
interpreted as a local phenomenon attached to and moving with the
vortices and their saddle points. For RAS turbulence modeling it is
important to examine (¥ ® #) and [v' ® V'] so the relative contribu-
tions of the periodic and random motions to the Reynolds stress in
the second equation of Eq. (8) can be understood.

Figure 5 shows the velocity in the plane —1< x;/h < 10,
[x,/ k| < 3, and x3/ h =2 in a frame of reference fixed with respect

€) S

Simulated

Experimentally obtained

Fig. 5 Velocity field at constant phase as viewed from a frame of ref-
erence fixed with respect to the prism. These are five evenly spaced
realizations covering half of a representative shedding cycle (the other
half being symmetrical).

to the prism at five phases during one-half of the shedding cycle
from LES (left column) and from the experimental data (right col-
umn). The other half of the cycle repeats the data in these figures
after reflection in x,/ h =0. Reasonable agreement between LES
and experimental data is found; in particular the phase variation of
¥ from LES matches the phase variation in the experimental data,
supporting the conjecture that phase information is retained at the
large scales of the flow and is thus available from LES. Vortices tra-
verse the sides of the prism to be shed off the downstream cornersto
interactand merge with other vortical structures. In the experimental
data only the strongest vortices are seen, and far downstream they
merge into a wavy structure, but their centers and saddles correlate
well with those of the LES results. An important kinematic feature
associated with entrainment of ambient fluid by the shedding vor-
tices is the formation and evolution of a saddle point. Evidence of
this begins to appear in Fig. 5a where the saddle starts to develop,
so thatby Fig. Se it is fully developed. The converging separatrix of
the saddle brings in ambient fluid from above and below the prism,
while the diverging separatrix carries fluid downstreaminto a strong
vortex where a process of fluid roll up is occurring.

To examine the flow, we may also study the evolution of the mean
vorticity at constant phase, i.e., [®] = % curl[?]. Figure 6 shows the
spanwise component, i.e., [@]s, at phase 4 from LES (Fig. 6a) and
from experiments (Fig. 6b). After the vortices are shed of the prism,
they move for some distance essentially parallel with and close to
the centerline, with the centroids of vorticity lying approximately
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b) Experiments?*

Fig. 6 Spanwise vorticity [w]; at phase 4 as observed from a frame
of reference fixed with respect to the prism. Gray contour lines denote
negative values, and black denotes positve values. The vorticity span is
—11.3 < [wlsh/vy <12.3.

3.2h apart, but less than 0.5/ from the wake centerline. Thus,
the geometric configuration of the vortex street is somewhat dif-
ferent from the equilibrium configuration first proposed by von
Kérmdn.*! The agreement with the experimental data is reasonably
good supporting the assertion that LES can be used in analyzing
unsteady flow wake flow. The peak values of [®]; obtained from
simulations (model A1 on grid C) and experiments agree to within
10%.

The reason for ensemble averaging at constant phase is that an
important fraction of the flow is periodic in time. In the context
of RAS, these fluctuations include contributions from the periodic
large-scale motion and the small-scale turbulence. From the point
of view of the global mean flow, described by the first equation
in Eq. (8), the Reynolds stresses are associated with both peri-
odic and turbulent motions, of which the former is resolved by
LES, whereas the latter is generally not resolved by LES. In Fig. 7
the periodic stress components (¥ ® 9),;, (¥ ® #)22, (¥ ® ¥)33, and
(¥ ® 7),, are presented at phase 4. Superposition of these on each
other and on the vorticity (Fig. 6a) suggest that the range of pe-
riodic stresses extends outside the turbulent portion of the wake.
The stress pattern also shows some symmetry with respect to the
wake centerline. The motion is essentially a local rotation (with re-
spect to the global mean) generating peaks in (¥ ® ), above and
below each vortex with ¥, positive for one peak and negative for the
other. Similarly, alternating peaksin (¥ ® ¥),, conform with positive
and negative peaks in ¥,. The peaks in (¥ ® #);; coincide with the
@; vortices, suggesting momentum entrainmentin the x3 direction
through the @; vortices. The shear stress (¥ ® ¥), is antisymmet-
ric about the centerline, and regions of intense momentum flux to-
ward the centerline are separated by regions of weak momentum
flux away from the centerline. The intrusion of ambient fluid into
the braid region between the @; vortices thus results in large shear
stresses.*

Figure 8 shows the turbulent stress components [V ® ¥'];y,
[¥/ ® 7], [/ ® #]33,and [/ ® #];, at phase4. For the normal stress
components a series of maxima correspondingto the vortex centers
with connecting ridges between them is found; the range of these
stress structures extends well outside the wake. The stresses caused
by the turbulent motion appear to be larger but of the same size as
the stresses generated by the large-scale periodic motions, implying
that a considerable fraction of the unresolved momentum transport
in Eqgs. (8) takes place through the turbulent fraction of the flow.
This may help to identify why ordinary RAS turbulence models
often fail when applied to unsteady wake flow (cf. Figs. 2-4). The

vevn

('v RV )22

('v RV )33

('v ®~V)12

Fig. 7 Periodic Reynolds-stress components at phase 4 as observed
from a frame of reference fixed with respect to the prism. Gray contour
lines denote negative values, and black denotes positive values.

contribution to the shear stress by the turbulent motion [# ® 7], is
found to have a peak at the saddle point between the vortices; this
behavioris in sharp contrast to the observed behavior of the normal
stress components.

The production of turbulent kinetic energy at constant phase
[p] = — [/ ® V'] - grad[v] plays the role of an energy sink for the
mean flow and an energy source for the turbulent fluctuations. In
Fig. 9 [k] =%[v]2 and [p] are presented at phase 4. Hence, peaks
in [p] lie close to both saddle points and shear-stress extrema. Tur-
bulence seems to be produced mainly in the braids between the
large vortices and then advected to and accumulated in the vortices.
Because the peaks in production are close to the saddles, being re-
gions of high strain and stretching, the assumption can be made
that production of turbulence occurs mainly by stretching vortic-
ity elements oriented along the diverging separatrices, which cross
at right angles in the absence of local mean vorticity. Given that
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Fig.8 TurbulentReynoldsstresses at phase4 as observed from a frame
of reference fixed with respect to the prism. Gray contour lines denote
negative values, and black denotes positive values.

turbulence is already present near the saddles, this turbulence is
continuously amplified to maintain a state of equilibrium. If the en-
trainment velocity were not maintained at a sufficiently high value,
the flow would break up into islands of turbulence near each center
that would presumably decay. Turbulence is thus strongly coupled
to the strain associated with the nonsteady mean velocity field.

VIII. Analysis of Instantaneous Resolvable
Flow Structures
To gain furtherinsightinto the dynamics of the coherentstructures
and the effects of the SGS models on the dynamics, we compare

[p]

Fig.9 Turbulent kinetic energy at constant phase [k] = %[v]z and pro-
duction of turbulent kinetic energy at constant phase [p]=—[' ® v'] -
grad[v] at phase 4 as viewed from a frame of reference fixed with re-
spect to the prism: Gray contour lines denote negative values, and black
denotes positive values.

visualizations of the resolvable vorticity @ from models Al and
A2 on grid A. The resolvable vorticity @ =%curll‘) satisfies the
Helmholtz equation:

0;(®@) + div(® ® v) =div(vgradw) + (gradv)®
— %curl(divBD) + %curlf 9)

where (gradv) @ describesthe stretchingof @ by ¥ and % curl(divBp)
representsthe effects of the SGS model on the distributionof @w. Fig-
ure 10a shows a perspective view of the flow around and behind the
prism in terms of iso-surfaces of the spanwise @; and longitudi-
nal @, = \/(c‘of + @;) vorticity components at vo/4h and vo/2h,
respectively. The three-dimensional vortex structures and the de-
tached shear layers at the top and bottom walls of the prism are
clearly visible, although the complexity of the structures, and thus
the iso-surfaces,obscures the interpretation.However, from Fig. 10a
we conclude that the vortical structures consist mainly of spanwise
quasi-two-dimensional@; vorticesinterspersed with secondarylon-
gitudinal &@,, vortices. The 4k spanwise extent of the computational
domain contains four pairs of counter-rotatinglongitudinal vortices.
The finding that there is about one pair of counter-rotating longi-
tudinal vortices per prism height is further supported by the results
obtained using model B1 on grid B, where eight pairs of counter-
rotatinglongitudinalvorticeswere found. To facilitatethe qualitative
discussion of the vorticity and the following comparison of @ be-
tween different LES results, the three-dimensional visualization of
Fig. 10a is complemented by iso-lines of the spanwise vorticity @;
in the vertical plane x3/ h =0 (Fig. 10b), the longitudinal vorticity
@, in the cross sections x;/ h =2 and 8 (Figs. 10c and 10d, respec-
tively), and in the horizontal plane x,/ h =0 (Fig. 10e). A more com-
plete qualitative discussioncan thus be presented: Whenever vortex
lines are deformed by the flow, e.g., by the corners of the prism, the
presence of shear will create @; vortices through Kelvin-Helmholz
instabilities in the shear layers originating at the separation points
at the upstream corners of the prism. Furthermore, the @; vortices
undergo helical pairing as they are convected downstream at the
same time as they experience vortex stretching because of the three-
dimensionality of the flow. Once the @; vortices have completed
their initial roll up, a secondary instability generates the formation
of thelongitudinal @,, vortices. These counter-rotatingvortices usu-
ally form in the braid region between adjacent @; vortices and are
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Fig. 10 Perspective view of the computational domain showing a) iso-surfaces of the spanwise w3 and longitudinalw,, vorticity at vo/4h and vy/2h,
respectively; and sideviews of b) the spanwise vorticity w3 in x3/k = 0, ¢) the longitudinal vorticity Ww;, in x1/h =2, d) the longitudinal vorticity w;, in

x1/h =8, and e) the longitudinal vorticity wy, in x,/h =0.

d)

Fig. 11 Contour lines of the longitudinal w;, vorticity in x»/k =0 from a) model A1 and b) model A2 and the corresponding iso-surfaces of the

vorticity magnitude [w]| from ¢) model A1 and d) model A2.

highly coherent finger-like structures (Figs. 10a and 10c) entwin-
ing and distorting the @; vortices while exchanging momentum and
energy. By comparing Fig. 10b with Figs. 10c and 10d, the obser-
vation can be made that the @; vortices lose their coherence after
about two roll ups, whereas the longitudinal @, vortices maintain
their coherence farther downstream.

The influence of the SGS model on the resolved vorticity oc-
curs by the %curl(diVB p) term in the vorticity equation (9). In this

paragraph a qualitative discussion of the differences observed in
the vorticity fields obtained with models A1 and A2 will be given.
Figures 11a and 11b show contour lines of the longitudinal vor-
ticity @, in the horizontal plane x,/ & =0 from LES with models
Al and A2, respectively. Hence, @, contours from model A2 ex-
hibit smaller vortices with sharper vorticity gradients as compared
to model Al. In the LES with model Al, constant vorticity struc-
tures display larger, and somewhat more organized, structures than
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Fig. 12 PDF of the vorticity magnitude [w| in a subvolume extracted
in the near-wake region as compared to 5123 DNS (Ref. 33) and 64° LES
(Ref. 34) of forced homogeneous isotropic turbulence at Rer =96 and
305.

with the dynamic model, i.e. model A2. Moreover, the breakup of
spanwise vortical structures just described is visible in the span-
wise vorticity contours of Fig. 10b. The LES with model A2 shows
a quasi-regular pattern of @; vortices spanning the full homoge-
neous direction. With model A1 these structures have been altered
by smaller structures. By comparing iso-surfaces of the vorticity
magnitude ||, Figs. 11c and 11d, &,, vortices of about the same
diameter seem to connect the @; vortices. However, at higher levels
of vorticity the @y, structures are thinner for model A2. In the near
wake the @, vortices appear as slender, coherent ribs extending
from one @; vortex core to the next with model A2. On the contrary,
structuresresulting from model A1 are shorterribs that diffuse with
downstream direction. This indicates that the @;, structures have
gained in strength with the dynamic model, being less diffusive
than the constant coefficient model, model A1l.

To give a quantitative measure of the importance of the SGS
model on the resolvable vorticity, we compare, in Fig. 12, probabil-
ity density functions (PDF) of |@|, evaluated in subvolumes in the
near-wake region, for models Al, A2, B1, and B3 on grid A with
PDFs from 512° DNS (Ref. 33) and 64 LES (Ref. 34) of forced
homogeneous isotropic turbulence. For subvolumes |@| is scaled
with its rms value |@|;, based on velocity data over the time in-
terval of 2h/v,. A difference between the data considered here and
data from homogeneousisotropic turbulencerelates to the behavior
of the PDFs of |@| for small values; because the environment of
the wake involves mainly irrotational fluid, probabilities of small
values of |@| (e.g., of |@| < 0.5) appear as the largest for the wake
data—in contrast to the smaller probabilities from the homogenous
turbulence. For larger |@| PDFs, based on both the homogeneous
turbulence and the wake data, show similar monotonically decreas-
ing trends including the range 1 < |@| < 3, where the slopes of the
PDFs are independentof the Reynolds number and tend to coincide.
Figure 12 presents similar PDFs of |@| for the LES models, which
also agree reasonably well with the PDFs of the homogeneous tur-
bulence data indicating that the vorticity statistics from LES appear
mainly unaffectedby the details of the SGS model despite the differ-
ences in the vorticity distribution just discussed. Most of the region
is occupied by weak vorticity with intense vorticity regions, corre-
spondingto the @,, and @; structures intermittently passinga given
pointin the wake, amounting to a limited fraction of the volume.

IX. Conclusion

In this study LES is used to analyze the flow around a square
prism in a rectilinear channel at a prism-height Reynolds number
of 2.14 X 10*. Constant coefficient and dynamic algebraic and one-
equation eddy-viscosity SGS models have been used to close the
LES equationsand to parameterizethe effects of the unresolved flow
on the resolvable flow structures. Moreover, three different compu-
tational grids using different resolutions are used to investigate the
effects of spatial resolution on the first- and second-orderstatistical

moments of the velocity. For comparison,two-dimensional transient
simulations using similar grids were also performed with conven-
tional RAS models, using the k-& and the LRR differential stress
models.

Results from first- and second-order statistical moments of the
resolvable velocity were validated against the measurement data of
Lyn et al.** and of Durao et al.?® and compared with the results
from the three RAS models. From this comparisonitis evident that
all LES models can accurately predict the first- and second-order
statistical moments of the velocity and global parameters such as
the Strouhal number, the lift and drag coefficients and their fluctua-
tions, as well as the length of the recirculationregion. However, to
predict correctly the maximum velocity in the recirculationregion,
local grid refinement in the immediate vicinity of the prism and in
the recirculationregion is required. In addition, the LES results ap-
peared to be relatively independent of the details of the SGS model
employed, suggesting that some features of the inertial subrange
might be independent of the exact nature of small-scale turbulent
dissipation, giving further confirmation of the alleged resiliency of
LES to the specifics of the SGS modeling.

With the intent to further validate the LES models and to increase
our present understanding of unsteady flow around a square prism,
the phase-averaged flow is compared with experimental data. The
qualitative features observed in the velocity field and in the normal
and shear stresses essentially agree with experimental observations,
althoughquantitativecomparisonsshowed some differencesin, e.g.,
the decay of the periodic stress components. This comparison sup-
ports the general belief in LES as a reliable and accurate method
for studying unsteady flows. Two important features of the near
wake, first suggestedby Lyn et al.,>* are supported by these simula-
tion results: a double peak in the shear-stressdistributionassociated
with a vortex structure is found in the near wake. The other fea-
ture concerns the possible importance of turbulence production in
regions close to the vortex core because of large values of the nor-
mal Reynolds stresses. This may help in explaining the first feature,
although nonlocal effects may also be important.

The instantaneous flow is also investigated to gain additional in-
sight into the vortex dynamics and how the evolution of resolvable
vorticityis affected by the SGS models. The vorticity is concentrated
in elongated vortices, which are initiated by Kelvin-Helmholz in-
stabilities, from which the primary spanwise vortical structures de-
velop, from which in turn the longitudinal vortices develop through
vortex merger and reconnection. Dynamic SGS models seem to
produce more intense vortical structures than similar nondynamic
models; at present this is belived to be caused by the large local
variations of the model coefficients in the dynamic models. This is
also apparent from the topology of the instantaneousiso-surfaces of
the SGS viscosity.
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